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ABSTRACT
We consider the action principles that are the lower dimensional limits of the Einstein-
Gauss-Bonnet gravity via the Kaluza-Klein route. We study the vacua and obtain some exact
solutions. We find that the reality condition of the theories may select one vacuum over the
other from the two vacua that typically arise in Einstein-Gauss-Bonnet gravity. We obtain
exact black hole and cosmological solutions carrying scalar hair, including scalar hairy BTZ
black holes with both mass and angular momentum turned on. We also discuss the holographic
central charges in the asymptotic AdS backgrounds.
1 Introduction
Einstein theory of gravity admits naturally higher-derivative extensions by appending the
Riemann tensor polynomial invariants to the Einstein-Hilbert action. The field equations
in general involve four derivatives, leading to possible renormalizablity; however, the theory
contains an inevitable ghostlike massive graviton [1]. There exist specific combinations of
tensor polynomials, such as the Gauss-Bonnet term or the more general Lovelock series, that
give rise to field equations of second order derivatives [2]. Unfortunately, these terms either
vanish or become total derivative in four or lower dimensions. In four dimensions, when an
extra scalar is available, analogous constructions can also be performed such that the field
equations remain two derivatives. The resulting theories are Horndeski [3] or the more general
Galilean [4] gravities. In fact the Kaluza-Klein reduction of Einstein-Gauss-Bonnet (EGB)
gravity leads naturally to a class of Hordenski theories [5].
Recently the D → 4 limit of Einstein-Gauss-Bonnet (EGB) gravity was proposed by first
rescaling the coupling constant α with α/(D − 4) [6]. However, the claim that the resulting
theory is of pure graviton was cast in doubt by several grounds. Intuitively this is not possible
since the Gauss-Bonnet term is the only quadratic curvature invariant with two-derivative field
equations. Indeed the Kaluza-Klein approach of the D → 4 limit leads to a class of scalar-
tensor theory that belongs to the Horndeski class [7]. (See also [8].) Inconsistency in the
covariant approach was shown in [9]. (See also [10, 11].) These demonstrate that the D → 4
limit of EGB gravity could only be done in some specific backgrounds. Indeed, it turns out that
this limit yields some finite result in a variety of backgrounds, see e.g. [12]. However, not all
the backgrounds are equivalent and we would naturally want the four-dimensional covariance
without insisting on the full covariance in general dimensions, if our goal is to obtain a covariant
four-dimensional theory that is the D → 4 limit of EGB. This belongs precisely to the Kaluza-
Klein idea and it is consistent to keep only the breathing mode of the internal space together
with the four-dimensional metric. There exists then a smooth D → 4 limit of the resulting
Kaluza-Klein theory [7] while keeping some nontrivial aspects of the higher-dimensional EGB.
The resulting theory belongs to a special class of Horndeski gravity, consists of the metric and
a scalar as its minimum field content. Analogous approach was also employed for Einstein
gravity in the D → 2 limit [13]. (See also recent works [10,14–16].)
It should be emphasized that after taking the D → 4 limit, the theory is then intrinsically
four dimensional. This is different from the previous Kaluza-Klein approach which are simply
the zero modes of an intrinsic higher-dimensional theory. In fact before taking the limit, the
Kaluza-Klein theories in different conformal frames associated with the scalar field are (at least
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locally) equivalent, but the singular D → 4 limit will freeze the conformal frames and lead to
inequivalent theories, including those constructed in [7] and also one that contains a minimally
coupled scalar, but with the Gauss-Bonnet term dropped [17].
The Kaluza-Klein approach selects a specific class of backgrounds that retain the lower-
dimensional diffeormorphism, but not the full general covariance of the higher-dimensional
theory. This implies that some of the D → 4 limit of EGB gravity may not survive in the
Kaluza-Klein approach. In particular, the limit via the Kaluza-Klein route may select only one
of the two vacua of the higher dimensional analogue. It is well understood that EGB gravity
admits two maximally symmetric vacua of cosmological constant λD, satisfying the quadratic
constraint
Λ0 =
1
2(D − 1)(D − 2)
(
λD + α(D − 3)(D − 4)λ2D
)
, (1.1)
where Λ0 is the bare cosmological constant and α is the coupling of the Gauss-Bonnet term.
Following the redefinition α→ α/(D − 4) and then taking D → 4, one arrives at
Λ0 = 3λ4(1 + αλ4) , (1.2)
which implies that there are two maximally symmetric vacua in the four-dimensional theory,
with the effective cosmological constants
λ±4 =
1
2α
(
− 1±
√
1 + 43αΛ0
)
. (1.3)
However, the scalar-tensor theory obtained in [7] will select only one preferred vacuum when
the effective cosmological constants λ±4 of the two vacua have the opposite signs. This may
avoid the subtle issue of vacuum collapsing observed in [11] for the general D → 4 limit.
It turns out that the Kaluza-Klein approach to EGB can not only yield a four-dimensional
theory, but also three classes of further lower-dimensional theories. The purpose of this paper
is to study the vacua of these theories and also construct some exact solutions. The paper is
organized as follows. In sections 2,3,4, we study the vacua and construct exact solutions for
the D → p, D → p+1 and D → p+2 theories constructed in [7]. In section 5, we study some
holographic properties of the D → p theory for p = 4. We conclude the paper in section 6.
2 The D→ p theory
The theory was obtained by first compactifying EGB gravity on a (D − p)-dimensional max-
imally symmetric space of curvature λ and then taking the D → p limit, with p ≤ 4. The
D → p+1 and D → p+2 limits will be discussed in the subsequent sections. The Lagrangian
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involving the metric and the breathing mode is [7]
Lp =
√−g
[
R− 2Λ0 + α
(
φEGB + 4Gµν∂µφ∂νφ− 2λRe−2φ − 4(∂φ)2φ
+2((∂φ)2)2 − 12λ(∂φ)2e−2φ − 6λ2e−4φ
)]
, (2.1)
where EGB = R2 − 4RµνRµν +RµνρσRµνρσ. We find that the Gibbons-Hawking surface term
is
Ssurf = 2
∫
dp−1x
√
−h
(
(1− 2αλe−2φ)K − 23αφ(K3 − 3KK(2) + 2K(3))
+2α
(
Kµν∂µφ∂νφ+Kn
µnν∂µφ∂νφ−K(∂φ)2
))
, (2.2)
where nµ is the unit vector normal to the surface and K is the trace of the second fundamental
form Kµν = hµ
ρ∇ρnν and hµν = gµν − nµnν, and K(2) = KµνKνµ and K(3) = KµνKνρKρµ.
The first term in (2.2) follows from that in Einstein-Hilbert action [18]. The second term is
associated with the Gauss-Bonnet combination [19]. The third one is the surface term for the
Horndeski structure Gµν∂µφ∂νφ [20].
The theory contains three nontrivial couplings, Λ0, α and λ, and it is independent of the
dimension p. The covariant equations of motion are presented in appendix A.1. The maximally
symmetric vacuum with the Riemann tensor and constant scalar in p dimensions
Rµνρσ = λp (gµρgνσ − gµσgνρ) , φ = φ0 , (2.3)
is specified by
α
(
p(p− 1)(p − 2)(p − 3)λ2p + 4p(p− 1)λpλ e−2φ0 + 24λ2e−4φ0
)
= 0 ,
Λ0 =
1
2 (p− 1)(p − 2)λp + α
(
1
2(p − 1)(p − 2)(p − 3)(p − 4)φ0λ2p
−(p− 1)(p − 2)λλpe−2φ0 − 3λ2e−4φ0
)
. (2.4)
Unless for λp = 0 = λ, the reality condition for the first equation above requires that p = 4, 3, 2.
2.1 p = 4
A particularly noteworthy property in p = 4 dimensions is that scalar equation and the trace
of Einstein equation lead to a geometric constraint on the curvature
R+ 12αLGB = 4Λ0 . (2.5)
This is the direct D → 4 limit of the trace equation of EGB gravity, and may be viewed as
a litmus test of the D → 4 limit of EGB. It should be understood that the equation (2.5) is
necessary, but not sufficient. Not all the solutions of (2.5) can solve the full set of equations of
motion. Nevertheless, for metric Ansa¨tze involving only one unknown function, this equation
becomes particularly useful.
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2.1.1 Vacuum and the linear spectrum
The maximally symmetric vacuum is given by
Λ0 = 3λ4(1 + αλ4) , λ4 = −λe−2φ0 . (2.6)
Note that (Λ0, λ, α) are coupling constants of the theory whilst (λ4, φ0) are the integration
constant characterizing the vacuum. The first equation directly reproduce the D → 4 limit
discussed in the introduction; however, we have now an extra constraint from the scalar. The
reality condition requires that λ4 has the opposite sign of λ. This implies that when the two
roots of the first equation have opposite signs, only one vacuum will be selected. To be specific,
we consider α > 0 and it follows from (1.3) that we must have αΛ0 ≥ −3/4 for the existence
of maximally symmetric vacua. When the inequality is saturated, λ±4 coalesce, giving rise to
a gravity theory without graviton [21]. In the region −3/4 < αΛ0 < 0, both λ±4 are negative
and both solutions are selected or rejected by the reality condition of the scalar equation (2.6).
When αΛ0 > 0, we have λ
−
4 < 0, and it becomes the vacuum of the theory with positive λ. On
the other hand, λ+4 > 0, and it becomes the vacuum of the theory with negative λ. In other
words, each theory with specific λ can only admits one specific vacuum, rather than two. The
Minkowski vacuum arises when both Λ0 and λ vanish, in which case, the Minkowski is the only
vacuum of the theory.
Having obtained the vacuum of the theory, we can analyse the linear spectrum by consid-
ering the general linear perturbations
gµν = g¯µν + hµν(x) , φ = φ0 + ϕ(x) . (2.7)
We find that the linear spectrum contains only the graviton, described by the transverse and
traceless hij , satisfying
κeff( − 2λ4)hij = 0 , κeff = 1− 2αλe−2φ0 = 1 + 2αλ4 . (2.8)
The overall constant kappaeff is the inverse of the effective Newton constant. For λ
±
4 given in
(1.3), we have
κ±eff = ±
√
1 + 43αΛ0 . (2.9)
Thus we see that the ghost free condition selects the λ+4 vacuum. This implies that for αΛ0 > 0,
the λ < 0 theory is unitary, whilst the λ > 0 theory is not. The Minkowski spacetime as the
vacuum of the Λ0 = 0 = λ theory is unitary.
Although the theory contains a scalar field, it has no propagating degree of freedom. The
would-be scalar equation takes the form
κφ( − 4λ4)ϕ = 0 , κφ = 12(λ4 + λe−2φ0) = 0 . (2.10)
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In other words, the coefficient κφ vanishes identically for all the maximally symmetric vacua.
Note that had κφ 6= 0, the scalar perturbation is massive, which is consistent with the fact
that the breathing mode of non-flat internal space is typically massive. Thus we see that
although the scalar is indispensable in the four dimensional theory, the linear perturbation of
the vacuum nevertheless contains only the graviton. It is therefore not entirely unreasonable
to state that the novel D = 4 EGB theory is a theory of graviton, as claimed in [6].
2.1.2 Static solutions
We consider a general class of ansatz of the type
ds2 = −e−2χ(r)f(r)dt2 + dr
2
f(r)
+ r2
( dx2
1− kx2 + x
2dϕ2
)
, φ = φ(r) . (2.11)
The effective Lagrangian was obtained, given by [7]
Leff = e
−χ
[
2(k − Λ0r2 − f − rf ′) + 23αφ′
(
3r2f2φ′3 + 2rfφ′2
(−rf ′ + 2rfχ′ − 4f)
−6fφ′ (−rf ′ + 2rfχ′ − f + k)− 6(f − k) (f ′ − 2fχ′) )
+4αλe−2φ
(
r2f ′φ′ − 2r2fχ′φ′ − 3r2fφ′2 + rf ′ + f − k
)
− 6αλ2r2e−4φ
]
. (2.12)
Here we shall focus on the χ = 0 solutions, in which case, the f equation is
α
(
(rφ′ − 1)2f − λr2e−2φ − k
)
(φ′′ + φ′2) = 0 . (2.13)
Thus we see there are two branches of solutions. The branch associated with vanishing of the
first bracket, namely
(rφ′ − 1)2f = λr2e−2φ + k , (2.14)
was studied in [7]. It gives rise to the metric that is the D → 4 limit of the EGB black holes.
f± = k +
r2
2α
(
1±
√
1 + 43αΛ0 +
8αM
r3
)
. (2.15)
The existence of this black hole can be viewed as the litmus test of the lower-dimensional limit
of EGB gravity. An important difference however is that the black hole here carries nontrivial
scalar hair, determined by (2.14), and the scalar solution is [7]
φ± = log
r
L
+ log
(
cosh(
√
k ψ)±
√
1 + λL2k−1 sinh(
√
k ψ)
)
, ψ =
∫ r
r+
du
u
√
f(u)
, (2.16)
where L is an arbitrary integration constant. As was emphasized in [7] that the scalar field is
crucial to reproduce the entropy of the black hole that is indeed the D → 4 limit of the entropy
of the black holes in EGB gravity. This is indicative that the lower dimensional theory cannot
be simply a metric theory.
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The other branch, corresponding to φ′′ + φ′2 = 0, leads to a solution
f =
r2
ℓ2
, φ = log
(√
ℓ2λ
( r
r0
− 1)) , Λ = −3ℓ−2 + 3αℓ−4 , k = 0 . (2.17)
The metric describes the AdS spacetime in Poincare´ coordinates, but the full conformal sym-
metry is broken to only the Poincare´ symmetry by the scalar field. We may refer to such
solution as the nearly AdS vacuum. Such solutions are common in Hordenski gravity and they
may be dual to scale invariant quantum field theories that are no conformal [20].
2.1.3 Cosmological solutions
It is also of interest to study the cosmological solutions of this theory. The FLRW ansatz is
ds4 = −dt2 + a(t)2(dx21 + dx22 + dx23) , φ = φ(t) . (2.18)
The cosmological equations are
H˙ =
2(Λ0 − 3H2 − 3αH4)
3(1 + 2αH2)
, H ≡ a˙
a
,
φ¨ =
1
3(1 + 2αH2)
(
2Λ0 + 3λe
−2φ − 3H2(1− 2αλe−2φ)− 3H(1 + 2αH2)φ˙
)
, (2.19)
together with the Hamiltonian constraint
H = 2a3(Λ0 − 3H2) + 6αa3(φ˙2 − 2Hφ˙+ λe−2φ)(φ˙2 − 2Hφ˙+ 2H2 + λe−2φ) = 0 . (2.20)
It was observed in [8] that when λ = 0, the scalar equation in (2.19) can be solved simply by
φ˙ = H. For general λ, we find a simple solution of de Sitter metric with H being constant,
given by
a = eHt , φ = log
(
eHt +
√
− λ
H2
)
, Λ0 = 3H
2
(
1 + αH2
)
. (2.21)
The reality condition implies that λ ≤ 0. The solution runs from a de Sitter vacuum at t→ −∞
to a nearly de Sitter spacetime at large t with linear time-dependence of the scalar φ ∼ t.
2.2 p = 3
We now consider the Lagrangian (2.1) in p = 3 dimensions. The maximally symmetric vacuum
is give by
Λ0 = λ3(1− αλ3) , λe−2φ0 = −λ3 . (2.22)
Note that if the two roots of 3-dimensional effective cosmological constant λ3 from the first
equation have opposite signs, only one vacuum will be selected by the constraint of the second
equation. The effective κ for the graviton is
κeff = 1 + 2αλ3 . (2.23)
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There is a kinetic term of the linearized scalar perturbation and the coefficient of the kinetic
term is
κφ = 8αλ3 . (2.24)
Note that the scalar kinetic term vanishes in Minkowski vacuum with λ3 = 0.
For the special static ansatz
ds23 = −fdt2 +
dr2
f
+ r2dϕ2 , φ = φ(r) , (2.25)
we find that the functions must satisfy
α(fφ′(rφ′ − 1)− λre−2φ)(φ′′ + φ′2) = 0 . (2.26)
Thus there are two branches of solutions. The first branch, corresponding to the vanishing of
the first bracket, is
φ = 12 log
(λℓ2
M
f
)
, f = r2ℓ−2 −M . (2.27)
Note that this black hole is not asymptotic to the AdS vacuum where φ should be a constant.
We find that this solution can be promoted to the general BTZ black hole [22] with both mass
M and angular momentum J , namely
ds2 = −
(
r2
ℓ2
−M + J
2
4r2
)
dt2 +
(
r2
ℓ2
−M + J
2
4r2
)−1
dr2 + r2
(
dφ− J
2r2
dt
)2
, (2.28)
and the scalar field becomes
φ = 12 log
( λr2ℓ√
M2ℓ2 − J2 −
1
2λℓ
2
( Mℓ√
M2ℓ2 − J2 + 1
))
. (2.29)
In the extremal limit J =Mℓ, φ becomes
φ = c+ 12 log(r
2 − 12Mℓ2) . (2.30)
Note that in this extremal limit, constant shift of the φ becomes the symmetry of the solution
and hence the constant divergence term in (2.29) in this limit can be ignored. The scalar field
φ = log r for λ = 0 = J was obtained in [23].
The second branch, φ′′ + φ′2, leads to
φ = log
ℓ
√
λ
r0
(r − r0) , f = ℓ−2r2 , Λ0 = −ℓ−2 − αℓ−4 . (2.31)
When Λ0 = 1/(4α), this branch contain a new solution
φ = log
r − r0
a
, f = − r
2
2α
+
r
(
2αa2λ+ r20
)
αr0
− 2αa
2λ+ r20
2α
. (2.32)
We also find a nearly de Sitter cosmological solution analogous to that in p = 4, namely
a = eHt , φ = log
(
eHt +
√
− λ
H2
)
, Λ0 = H
2
(
1− αH2) . (2.33)
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2.3 p = 2
As in the previous case, we find that for the static metric
ds2 = −f(r)dt2 + dr
2
f(r)
, (2.34)
there is a factorization of the equation
α(−λe−2φ + fφ′)(φ′2 + φ′′) = 0 . (2.35)
The first branch requires Λ0 = 0 and we have
f =
λe−2φ
φ′
. (2.36)
In other words, the equations can be solved by a generic φ. The second branch solution is
φ = log
r − r0
r0
, f = a2λ± (r − r0)2
√
Λ0
α
(1− c
r − r0 ) . (2.37)
We find that for the cosmological de Sitter metric, with Λ0 = −αH4/3, the scalar φ has to be
a constant, given by e2φ = −3λ/H2. This is exact the de Sitter vacuum.
3 The D→ p+ 1 theory
It was shown [7] that there exists also D → p+ 1 and D → p+ 2 limits of EGB gravity using
the Kaluza-Klein approach. In this section, we study the D → p+ 1 limit of the EGB theory,
with p ≤ 3. The Lagrangian for the D → p+ 1 theory is [7]
L = √−geφ
[
R−2Λ0+2α
(
λRe−2φ−2Gµν∂µφ∂νφ+(∂φ)2φ+2λ(∂φ)2e−2φ+λ2e−4φ
)]
. (3.1)
The corresponding Gibbons-Hawking surface term is
Ssurf = 2
∫
dp−1x
√
−h
(
eφ(1 + 2αλ−2φ)K
−2αeφ(Kµν∂µφ∂νφ+Knµnν∂µφ∂νφ−K(∂φ)2)
)
. (3.2)
The covariant equations of motion are given in appendix A.2. The maximally symmetric vacua
are determined by
(p− 1)λp − 2αλe−2φ0
(
(p− 1)2λp + 2λe−2φ0
)
= 0 ,
Λ0 =
1
2 (p− 1)(p − 2)λp(1 + 2αλe−2φ0 + αλ2e−4φ0
)
. (3.3)
Note that if λ = 0, the vacuum cosmological constant λp is determined solely by the bare
cosmological constant Λ0. Furthermore, unlike the previous example, the maximally symmetric
vacua exists in all p dimensions, and hence the theory can be promoted to all p dimensions.
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First we consider p = 3 and we have a bifurcation when χ = 0 for the static ansatz, namely
(
r + α(2fφ′(rφ′ − 2)− 2rλe−2φ)
)
(φ′′ + φ′2) = 0 . (3.4)
The first branch requires that Λ0 = −3/(4α), in which case, we have
f =
r2
2α
−M , φ = log (c√f +√2αλ− c2M) , (3.5)
where c is an integration constant. This solution can be promoted to the BTZ metric (2.28),
but with the scalar field given by
φ = log
(
c
√
r2 − 12M ± 12
√
M2 − J2ℓ−2 ±
√
λ± c2
√
M2 − J2ℓ−2
)
, (3.6)
where ℓ2 = 2α. The “±” in front of
√
M2 − J2ℓ−2 should be the same, but independent of the
middle “±” above. The plus sign is preferred so that the scalar is regular on the BTZ horizon.
For the second branch, when Λ0 = −3/(4α) and λ3 = −1/(2α), we have two solutions:
f =
r2 − r20 + 2a2αλ
2α
, or f =
(r − r0)2 + 2a2αλ
2α
. (3.7)
For both metrics, φ = log(r − r0)/a.
For p = 2, the static ansatz yields
(
1 + 2αfφ′2 − 2αλe−2φ
)
(φ′′ + φ′2) = 0 . (3.8)
Provided with Λ0 = 1/(4α), all the equations are simply solved by the vanishing of the first
bracket. For the second branch, namely φ = log
(
(r − r0)/r0
)
, we have
f =
1
2α
(
2a2αλ+ (r − r0)
√
(1− 4Λ0α)(r − r0)2 + c− (r − r0)2
)
. (3.9)
4 The theory of D → p + 2
This limit is available only for p ≤ 2 dimensions, and the Lagrangian is [7]
Lp =
√−ge2φ
[
R− 2Λ0 + 2(∂φ)2 + 2λe−2φ + 2α
(
2λφRe−2φ − 2(∂φ)2φ
−((∂φ)2)2 − 2λ(∂φ)2e−2φ − λ2e−4φ
)]
. (4.1)
The corresponding Gibbons-Hawking surface term is relatively simply, given by
Ssurf = 2
∫
dp−1x
√
−h(e2φ + 4αλφ)K. (4.2)
The covariant equations of motion are given in appendix A.3. The maximally symmetric vacua
are given by
(p− 1)λp + 2αλ2e−4φ0 − λe−2φ0
(
1 + (p− 1)λp(2(p − 2)φ0 − p)
)
= 0 ,
Λ0 = λe
−2φ0(1− αλe−2φ0) + 12(p − 1)(p − 2)λp(1 + 4αφ0λe−2φ0) . (4.3)
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When p = 2, the χ = 0 static solution have two branches, characterized by the factorization
of the equation
(2αfφ′2 − 2αλe−2φ − 1)(φ′′ + φ′2) = 0 . (4.4)
The vanishing of the first bracket can solve all the equations of motion provided that Λ0 =
−3/(4α). The metric function f for the the second branch is
f =
1
2α
(r − r0)2 − c
√
r − r0 + λa2 , (4.5)
and φ is the same as the previous examples.
5 Holographic properties
The EGB theory serves as an important gravity model in study the AdS/CFT correspondence.
Many of the important holographic properties have been obtained. The holographic a-charge
[24, 25] and the overall coefficients of two-point functions of the energy-momentum tensor
CT [26] are given by
a = ℓD−2 − 2α(D − 2)(D − 3)ℓD−4 , CT = ℓD−2 − 2α(D − 3)(D − 4)ℓD−4 , (5.1)
Note that we have chosen the convention of [27] that strips of inessential overall numerical
coefficients such that a = CT = ℓ
D−2 for Einstein gravity. They satisfy the differential relation
[27]
CT =
1
D − 2ℓ
∂a
∂ℓ
. (5.2)
(See also [28,29].) If we take the limit D → 4 while keeping α/(D − 4)→ α, we have
a =
c
D − 4 + ℓ
2 − 4α log ℓ
L
, CT = −2α+ ℓ2 . (5.3)
It is clear that the differential relation still holds in this limit. We would like to verify the
above result in the D = 4 theory.
We first consider the p = 4 theory (2.1), which is expected to be dual to certain strongly
coupled CFT in d = 3 dimensions, where is no conformal anomaly [30]. Nevertheless, one can
define a sensible a-charge that is universal contribution to the entanglement entropy [30]. The
simplest way to calculate the a charge is to consider the hyperbolic AdS vacuum black hole
ds2p = −fdt2 +
dr2
f
+ r2dΩ2p−2,k=−1 , f =
r2
ℓ2
− 1 . (5.4)
The metric is maximally supersymmetric and yet it contains a horizon at r+ = ℓ. For p = 4,
we have a running scalar with
φ = log
( ℓ
L
+
√
(L2λ− 1)(r2 − ℓ2)
L
)
, (5.5)
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We thus have φ(r+) = log(ℓ/L). The Iyer-Wald entropy can be easily obtained and we have
a = ℓ2 − 4α log ℓ
L
. (5.6)
Note that the logarithmic dependence arises from the φEGB term. The overall coefficient of
the holographic two-point function of the energy-momentum tensor is proportional to ℓ2κeff
given by (2.8) with λ4 = −1/ℓ2. Thus we recover the D → 4 limit of the a and CT , with the
differential relation remains valid. It is important that we must consider the scalar hairy black
hole in order to obtain the right logarithmic contribution to the a-charge, another indication
that the scalar is indispensable in the four-dimensional theory.
There are two p = 3 theories, given by (2.1) and (3.1). At the linearized level, the effective
coupling that is the inverse of the Newton’s constant are κeff = 1 − 2λe−2φ0 and κeff =
eφ0 + λe−φ0 respectively. In each case, we have a = CT ∼ ℓκeff .
6 Conclusion
In this paper, we study the lower dimensional limits of EGB gravities. Three action principles
were explicitly constructed in [7]. The minimum theories all consist of the metric as well as a
scalar field that is of the Horndeski type. We examined the vacua of these theories and also
obtained some exact solutions that describes static black holes and also cosmology.
We found that there are two types of vacua. One is maximally symmetric and the scalar
field is a constant. The effective cosmological constants of the vacua arise as the root of a
quadratic equation, and intriguingly the reality condition of the scalar will select only one of
them, when the cosmological constants have the opposite signs. We found that in the p = 4
theory, the kinetic term of the linearized scalar equation vanishes identically, so that the linear
spectrum involves only a massless graviton. This has important consequence in subject of
gravitational waves. It can be established that there are no news associated with the scalar
in the Bond-Sachs framework, but the effects of the Gauss-Bonnet term are quite significant
in the sense that they arise just one order after the integration constants and also arise in the
quadrupole of the gravitational source [31].
There are also nearly maximally symmetric vacua where the scalar takes nontrivial coor-
dinate dependence and hence breaks the full maximal symmetry. This implies that for matter
coupled to the metric only will respect the Lorentz symmetry whilst matter coupled to the
scalar will experience the Lorentz violation. We also obtained black holes and cosmological
solutions with nontrivial scalar hair. In particular, we obtained exact scalar hairy BTZ black
holes in three dimensions. For asymptotic AdS spaces, we also studied the holographic prop-
erties associated with the a-charges and the overall coefficient of the two-point functions of the
12
energy-momentum tensor. The richness and relative simplicity of these theories make them
interesting to investigate further.
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A Covariant equations of motion
A.1 The D → p theory
The Lagrangian of this theory is given in (2.1) and the action can be written as
S =
∫
dpx
√−g(L0 + L1 + L2 + L3 + L4) , L0 = R− 2Λ0 ,
L1 = αφE
GB , L2 = 4αG
µν∂µφ∂νφ , L3 = −2αλe−2φR ,
L4 = −4α (∂φ)2φ+ 2α((∂φ)2)2 − 12αλ (∂φ)2 e−2φ − 6αλ2e−4φ (A.1)
The Einstein equation of motion is given by
Eab ≡ E0ab +E1ab + E2ab + E3ab + E4ab = 0 . (A.2)
Here Eiab corresponds to the metric variation of
√−gLi and they are
E0ab = Gab + Λ0gab ,
E1ab = αφHab + 2α
[
4Rc(a∇c∇b)φ−R∇a∇bφ− 2Gabφ+ 2 (Racbd − gabRcd)∇c∇dφ
]
,
Hab = 2
(
RabR− 2RacRbc − 2RcdRacbd +RacdeRbcde
)
− 12gabEGB ,
E2ab = 2α
[
4R(a
c∂b)φ∂cφ− 2 (∇a∇bφ)φ−R∂aφ∂bφ+ 2 (∇c∇aφ) (∇c∇bφ)
−Gab (∂φ)2 + gab
(
(φ)2 − 2Rcd∂cφ∂dφ− (∇c∇dφ) (∇c∇dφ)
)
+ 2Ra
c
b
d∂cφ∂dφ
]
,
E3ab = −αλe−2φ
[
2Rab − 8∂aφ∂bφ+ 4∇a∇bφ− gab
(
R+ 4φ− 8 (∂φ)2
)]
,
E4ab = 4α
[
2
(∇c∇(aφ) ∂b)φ∂cφ− ∂aφ∂bφφ− gab(∇c∇dφ)∂cφ∂dφ
]
+ 3αλ2e−4φgab
+α
[
4∂aφ∂bφ (∂φ)
2 − gab((∂φ)2)2
]− 12αλe−2φ [∂aφ∂bφ− 12gab (∂φ)2
]
, (A.3)
where it is understood that Hab vanishes for p ≤ 4. The scalar equation is
α
{
4
[
2 (φ)2 +Rφ
]
+ 4λe−2φ
[
R+ 6φ− 6 (∂φ)2
]
− 8
[
Rab + 2(∇a∇bφ)
]
∂aφ∂bφ
−8 [Rab + (∇a∇bφ)]∇a∇bφ+ 24λ2e−4φ − 8 (∂φ)2φ+ EGB
}
= 0 . (A.4)
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The trace of the Einstein equation (A.2) is
+2
[
R+ p
(
Λ0 − 12R
)]
+ 2α
{
2
[
(p− 2) (φ)2 + (p− 3)Rφ
]
+λe−2φ
[
(p− 2)R+ 4 (p− 1)φ− 2 (p+ 2) (∂φ)2
]
−4 [(p− 3)Rab + (p− 2) (∇b∇aφ)] ∂aφ∂bφ
−2 [2 (p− 3)Rab + (p− 2) (∇b∇aφ)]∇a∇bφ+ 3pλ2e−4φ − 4 (∂φ)2φ
}
−α (p− 4)
[
φEGB − 2 (∂φ)2R+ 2((∂φ)2)2
]
= 0 , (A.5)
Note that the last term drops out for p = 4, in which case we can derive the purely gravitational
scalar constrain equation (2.5) from (A.4) and (A.5).
A.2 The D → p+ 1 theory
The Lagrangian of this theory is given in (3.1) and the action can be written as
S =
∫
dpx
√−g(L0 + L1 + L2 + L3 + L4) , L0 = eφ(R− 2Λ0) ,
L1 = −4αeφGµν∂µφ∂νφ , L2 = 2αλe−φR ,
L3 = 2αe
φ
(
(∂φ)2φ+ 2λ (∂φ)2 e−2φ + λ2e−4φ
)
, (A.6)
The Einstein equation of motion is given by
Eab ≡ E0ab + E1ab + E2ab + E3ab = 0 . (A.7)
Here Eiab corresponds to the metric variation of
√−gLi and they are
E0ab = e
φ
{
Rab − 12gabR+Λ0gab −∇a∇bφ− ∂aφ∂bφ+ gab
[
φ+ (∂φ)2
]}
,
E1ab = −αeφ
{
− 2∇a∇bφ
[
2φ+ (∂φ)2
]− 2Rab (∂φ)2 − 2 (φ+R) ∂aφ∂bφ
+gab
[
−2 (∇c∇dφ)
(∇c∇dφ)+ 2φ[φ+ (∂φ)2 ]+ (∂φ)2R]
+4∇c∇aφ∇c∇bφ+ 4∇c∇(aφ∂b)φ∂cφ+ 8Rc(a∂b)φ∂cφ
+8Ra
c
b
d ∂cφ∂dφ− 4gab
[
2Rcd +
(∇c∇dφ)]∂cφ∂dφ
}
,
E2ab = 2αλe
−φ
{
Rab − 12gabR+∇a∇bφ− ∂aφ∂bφ− gab
[
φ− (∂φ)2 ]} ,
E3ab = −αeφ
{
4
(∇c∇(aφ) ∂b)φ∂cφ− 2[φ− (∂φ)2 + 2λe−2φ]∂aφ∂bφ
+gab
[
λ2e−4φ + 2λe−2φ (∂φ)2 − ((∂φ)2)2 − 2(∇c∇dφ)∂cφ∂dφ
]}
. (A.8)
The scalar equation is given by
R− 2Λ0 + 2α
{
4Rab
(∇a∇bφ+ ∂aφ∂bφ)− λe−2φ[R− 2 (∂φ)2 + 4φ]− 2 (φ)2
−R[2φ+ (∂φ)2 ]+ ((∂φ)2)2 + 2 [∇a∇bφ+ 2∂aφ∂bφ] (∇a∇bφ)− 3λ2e−4φ
}
= 0. (A.9)
14
In p = 3 dimensions, the trace of the Einstein equation and scalar equation yield
4Λ0 −R+ 2 (1 + αR)
[
φ+ (∂φ)2
]− 4αRab(∇a∇bφ+ ∂aφ∂bφ) = 0 . (A.10)
A.3 The D → p+ 2 theory
The Lagrangian of this theory is given in (4.1) and the action can be written as
S =
∫
dpx
√−g(L0 + L1 + L2) ,
L0 = e
2φ(R − 2Λ0) , L1 = 4αλR ,
L2 = 2e
2φ
[
(∂φ)2 + λe−2φ
]
−2αe2φ
[
2 (∂φ)2φ+
(
(∂φ)2
)2
+ 2λ (∂φ)2 e−2φ + λ2e−4φ
]
. (A.11)
The Einstein equation of motion is given by
Eab ≡ E0ab + E1ab + E2ab + E3ab = 0 . (A.12)
Here Eiab corresponds to the metric variation of
√−gLi and they are
E0ab = e
2φ
{
Rab − 12gabR+ Λ0gab − 2∇a∇bφ− 4∂aφ∂bφ+ 2gab
(
φ+ 2 (∂φ)2
)}
,
E1ab = 4αλ
{
φ
(
Rab − 12gabR
)−∇a∇bφ+ gabφ} ,
E2ab = e
2φ
{
8α
(∇c∇(aφ) ∂b)φ∂cφ+ 2[1− 2α(φ− (∂φ)2 + λe−2φ)]∂aφ∂bφ
−gab
[
(∂φ)2
[
1 + 3α (∂φ)2
]
+ α
(∇c∇dφ)∂cφ∂dφ
+λe−2φ
[
1− 2α (∂φ)2 ]− αλ2e−4φ]}. (A.13)
The scalar equations of motion is
R− 2(Λ0 +φ+ (∂φ)2 )+ 2α
{
2 (φ)2 − ((∂φ)2)2 + 2 (∂φ)2φ− 2Rab∂aφ∂bφ
−2(∇a∇bφ) [∇a∇bφ+ 2∂aφ∂bφ] + λe−2φ (R+ 2φ) + λ2e−4φ
}
= 0 . (A.14)
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